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ABSTRACT: It is shown that a general model of athermal random copolymers in an equilibrium state is
related to an appropriately generalized n — 0 spin vector model, with each spin having 2n components.
By adjusting various coupling constants in the model, one can control various densities such as bond
densities of each type and copolymer density, average copolymer size, average block size, etc. The model
is solved in a mean-field approximation to study the complete phase diagram and to calculate the free
energy and the entropy and the entropy of mixing of copolymers in an athermal solution.

I. Introduction

The most important aspect of long-chain polymers is
the excluded-volume effects which forbid polymer chains
to overlap. In order to study excluded-volume effects,
one starts with a simple model of polymer chains: The
chains are described by self-avoiding random walks
(SAW’s), each of which has the constraint that it cannot
return to sites already visited. If one is interested in
long-range properties of polymers, then their chemical
details are not expected to be important, and the above
model seems to be quite appropriate. Here we assume
that there are no long-range interactions except the
excluded-volume effects. In 1972 de Gennes® pointed
out an analogy between a self-avoiding random walk
and a formal n — 0 limit of an n-component ¢* field
theory in the absence of any external magnetic field.
Later on, des Cloizeaux?® extended the approach of de
Gennes and succeeded in providing an analogy between
a system of polymer chains with excluded volume in a
solution and the ¢* field theory in the presence of an
external field as n — 0. This analogy is found to be
much more transparent if we restrict ourselves to a
lattice and assume that the length of each spin is
constrained to be n'2,4-7 It has been argued that the
activities for a bond and an end point of a SAW are given
by K and H, respectively, where K and H are the
ferromagnetic coupling constant and the magnetic field,
respectively. However, Gujrati®® pointed out that K and
H do not serve as the activities for the polymer system.
The latter are given by K/z and H/z'2, where z = 1 +
H?. He also showed that the polymer free energy W, is
different from the magnetic free energy Wy in the n —
0 limit and that W, satisfies the proper convexity
properties, even though W, does not.

Since Alfrey and Tobolsky!? first treated the theory
of equilibrium copolymerization, this complex problem
has been approached kinetically!l~14 and thermodynam-
ically.15-1% Kennedy and Wheeler!® proposed a model
which incorporates excluded-volume effects for a ran-
dom copolymer system by using the usual n — 0 trick
used for the description of the homopolymer system.
Their correspondence is not only approximate but also
not general.
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In this study we discuss an exact correspondence
between the equilibrium properties of random copoly-
mers of A and B monomer units and an n — 0 spin
model, with each spin having 2n components. Our
model is also very general. In order that the analysis
can be carried out explicitly, we confine ourselves to a
magnetic system and, therefore, a copolymer system on
a lattice. Moreover, the length of each spin of the
magnetic system is constrained to be (2n)2. We express
various interesting quantities of the copolymer system
in terms of quantities describing the corresponding
magnetic system. The model is solved in a mean-field
approximation to study the phase diagram and to
calculate the entropy and the entropy of mixing of
copolymer chains in an athermal solution. If we follow
the mapping proposed by Gujrati,?° although not treated
here, our model can be easily extended to describe the
equilibrium system where the monomers and the co-
polymer coexist.

The equilibrium copolymerization problem considered
here gives rise to a polydisperse system, the polydis-
persity being controlled by various activities. Hence,
we cannot obtain this entropy by using the standard
Flory method,?! which is applicable to monodisperse
systems. However, by following the extension proposed
by Gujrati,?? we can apply the Flory method to this case.
Such an extension is quite cumbersome, while the
method proposed here is straightforward and transpar-
ent. The results should be similar.

II. Definition of the Magnetic Model and
Copolymer Analogy

Since this study is the extension of the previous work®
to the copolymer system, we will briefly outline the
magnetic model which we use to describe the copolymer
system. There is a 2n-component classical spin S; with
cubic symmetry at each site i on the lattice. Each spin
S; has the following orientations:

(+(2n)*?,0,0, ..., 00, 0, ..., 0)
(0, £(2m)'%, 0, ..., 010, O, ..., 0)

(0,0, .., 02020, 0, .., 0
©,0,..,0]0, 0, ..., 0, £(2n)"?

Note that each spin has 4n different orientations. Each
spin can also be symbolically expressed as
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8, =(6®,0=12,..,n7%0=1,2,...,n) = (5,7,

where the 2n components of .§i are divided into two

n-component spins, which are conveniently denoted by -

G; and 7;. Because of the form_of S;, (G;|0) can be
considered as G; and, similarly, (0[7;) as 7;. However,
the two components G; and 7; are not independent: spins
with orientations (6,#0|7;=0) are not allowed. Thus,
each site is occupied by either G; or 7;. The length of
each spin is constrained to be equal to (2n)¥2:

67 =Y ("¥=2n, ifg;=0 (1a)
a=1

=Y =2n, ifF=0 (1b)
a=1

This also means that

S2=2n (1c)

The Hamiltonian of the constrained, homogeneous
magnetic system is given by

Fp = 2 ExG:T; + KyTyT; + JG,7) + D (Huol” +
@) :
HgrY) (2)

where K, Kp, and J are coupling constants for o—g, 7—1,
and o—7 pairs, respectively, and Ha and Hg are mag-
netic fields applied in the a = 1 directions of 6; and 7,
respectively. The first summation is over the nearest-
neighbor pairs and a factor of —1/kgT has been absorbed
in the definition of the Hamiltonian %,. Here ks
denotes the Boltzmann constant and T is the temper-
ature of the magnetic system. The partition function
is given by

Z, = Trlexp(7,)] = [ ] Trlexp(#;)] (3)
where the product is over all sites i and the trace

operation Tr; over the spin configurations of S; is defined
as

Trlyl=—=—Yy 4

Here vy is any function of S;. It is easily seen® that
Trl1l=1

Trl(6?] = TriZ*?* =1 (a=1,2,..,n) (5

are the only nonvanishing averages in the n — 0 limit
for any i.

If we expand the partition function Z, in a power
series and represent each term in the expansion, fol-
lowing Gujrati,® as a diagram on the lattice (Figure 1),
then the partition function Z; in the n — 0 limit?
becomes
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Figure 1. Graphical representation of various terms in Z,,.
Closed loops vanish in the n — 0 limit.

Z,= Tr[H(l + K,5:5; + Kg© %, + J6,%,) x
<1
1 1
1'[(1 + Hyo) + Hygry + 51ar§(<;;}>)2 + Eﬂg(r;“)z)] 6)
3

Therefore, the only diagrams that contribute to Z, are
those that contain any number of nonintersecting lines
(consisting of three different types of bonds due to
KpoVoV, KprVriY, and Jo; V7 Y) such that each line
terminates on either a cross (x) or a square (0) at the
two ends. In the following, we will use ¢ spins to
represent A monomers and 7 spins to represent B
monomers. There can also be any number of filled
circles and filled triangles at any sites not connected to
these lines (SAW’s). One such nonvanishing diagram
is shown in Figure 2. Each bond of the SAW’s gives a
factor of K, Kp, or J for the three types, each SAW gives
a factor H;H; (i, j = A, B) from two chain ends of type i
and j, and each filled circle and triangle contributes a
factor of Ha/2 and H2/2, respectively.

Let us consider a diagram having p SAW’s consisting
of [ = Bs + Bg + Bag bonds, where By and Bg denote
the number of 0—o and 7—1 bonds, respectively, and Bap
the number of 6—7 bonds. These SAW’s cover p + [ sites
of the lattice. There are N — (p + [) uncovered sites
which may or may not be covered by the filled circles
or triangles. The generating function for an uncovered
site is given by

r=2(H Hy) =1+ %(Hi +H2) %)

The partition function Z, can now be written as follows:

Zo(Kp K, HpHg) = 2N+
Y, Y HYHEKR K 22"y, (8)

pzlizp

and U, is the number of different ways of drawing p
SAW’s of total length I terminating on o or 7 ends. Here
2p = ea + ep, where ea denotes the number of ¢ ends,
i.e., A-ends (crosses), and eg the number of 7 ends, i.e.,
B-ends (squares).

Now we identify a SAW with a copolymer chain. Let
us first introduce the following five activities: 7 and
ns are the activities for an A and a B chain end,
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Figure 2. A typical example of the nonvanishing diagram
appearing in Z,. There are six SAW’s of total length [ = 41
and six filled circles and seven filled triangles that are not
connected with the SAW’s. Here empty sites can be considered
as solvent molecules.

respectively, ks and «p are the activities for an A—A and
a B—B bond, respectively, and y is the activity for an
A-B or B—A bond. We define the grand canonical
partition function for the copolymer chains as follows:

Z(kpskpyysmaitie) = 1 + z Z nans "BA"BB BABU RS

pzllizp

where we have used the quantity U, introduced in eq
8. A comparison of eqs 8 and 9 shows that

ZO(KA,.KB,J,HA,HB) = ZNZP(KAJCB’V’nA’nB) (10)

provided we make the following identifications:

o K o K I
AT WH Hy BT 2HHy | 2HHp)
HA B
= —_—— (11)
L H T T EH HE

where z(Hs,Hp) is given in eq 7.

We now proceed to calculate various interesting
thermodynamic quantities characterizing the copolymer
chains. It is easily shown that the chain end densities,
¢ea and ¢.p, and bond densities, ¢4, ¢, and ¢as, are
given in the thermodynamic limit N — = by

190In Z 1 3
Gep = lim[— = lim —(In Z, -
N—=\NdInn,] nN—= _"AanA 0

Nin z)) = K, H%e, + KgHaep + JHoe,p +

Hj
H, +—
)

1
m, + EHiHBmB - H: (12)

19InZ, 1
. = lim{— = lim|— ——(ln Z,—-
P = NN blngg) SN Ty

Niln z)) = K, H%, + KzH2ep + JHoe,p +

H

1
my + 5H§HAmA - HE (13)

Macromolecules, Vol. 28, No. 19, 1995

19InZ, 1 9lnZ,
= lim|— = lim|—z« =Kpe, (14)
i P ky] N-=\N * 3K, AA
19InZ, 1 9lnZ,
= lim = lim|—2« = Kgeg (15)
i Nw(N dln ky N~w(N % oK, B
(N dlnZ, ) (;, dInZ,
= lim = lim|—z =dJeyg (16)
$ap = fraia PYAPE RN v 14 o AB
where
191n Zo 19InZ,
my = lim|— mg = lim|—
N—c N 3HA N—oo N 3HB
19In ZO 191n ZO
= lim(— eg = lim|—
N—=\N 8K, N—=\N 0Ky
dln Z,
= lim{— 17
€A ;E(N (17)

Here m4 and mp are the magnetizations of 0 and  spins
per site, respectively, and ¢a, €, and eap denote the
interaction energies between o—0, t—1, and ¢—1 spins,
respectively. From the above five densities, other
interesting quantities can also be calculated as follows:

b = %(¢eA + ¢en) (18)
b= 50umt bz G =50+ b (19)
2 ___ s
W ntow v &
¢sA + ¢ ¢AB
=—=1 —
(N Py + S 21

Here ¢, denotes the number density of copolymer
chains, (La) and (Lg) denote the average lengths of A-
and B-blocks, respectively, ¢sa and ¢ denote the
number densities of A- and B-blocks, respectively, and
{Ns) is the average number of segments per copolymer
chain.

III. Mean-Field Approximation and Phase
Diagrams

Let /i, o and i, B be the average magnetizations of
O; spins and 7; spins, respectively, and &; 4 and & g be
the fluctuations from 7, o and /i, B, respectively. Then,
following Gujrati,?® we can rewrite the Hamiltonian %,
in the following way:

Hn = Z(Ei,A'_éj,A + -éi,B'_’j,B + _éi,A:éLB) - Nf, +
(i)
2(0 %, + Ty, (22)

where
fo = K + Kyt + T, g1, )

L, 5 + H,

%, = qRy, g+ %

Yo = qKB’_ﬁn,B + %Jiﬁn,A + FIB

and q is the coordination number of the lattice. Because
of the presence of the magnetic fields, the only nonva-
nishing components of &; and 7; spins are in the
directions of the applied fields. Thus, in the following
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the scalar notations instead of the vector ones will be
used. We will take m, » and m, g to be nonnegative in
the following. This amounts to choosing Hy and Hp
nonnegative.

In the mean-field approximation,?? we neglect the first
term of eq 22. Then, all the correlations between sites
i and j are thrown away and the calculation becomes
straightforward since each spin can be treated as
noninteracting. The free energy per site w,, equal to
(In Z,¥N in the thermodynamic limit N — =, is given
by

w,=—f,+InD,
where

_ coshl[(2n)"%x,] + cosh[(2n)"%y,] + 2(n — 1)
n 2n

Note that our free energy w, differs by a factor of —ksT
compared to the conventional free energy F,: w, = —F,/
keT. Therefore, we maximize w,, which is equivalent
to minimizing F,. Maximizing w, with respect to both
mna and m, g, we find that m, s and m, g are given by

(23)

sinh[(2n)"%x,] sinh[(2n)"?y, ]
My, = @)D S My = _—(2n)1/2Dn (24)
In the n — 0 limit these equations become
ma = g = —
1+ o + 5
My =myg = ——2— (25)

12,19
1+§x+§y

and the free energy w is given by

(1)0 = - %(KAmi + KBm% + JmAmB) +

In{1 + %xz + %ﬁ) 26)

where x =lim, ¢ x, and y = lim, ¢ y». Therefore, in the
mean-field approximation various energies per site
defined in eq 17 are given by

=X _q o __g »
ATAK, 274 BT K, 2R
dwg q
EAB=W=2mAmB (27)

Using eqs 25 and 27, all independent densities can be
calculated as follows:

bp = %KAmi, og = %KBsz; Pap = %JmAmB

B
Gor = TA(‘ZKAmi + qKgmg, + qJmumy + Hym, +
HBmB - 2) + HAmA

HZ
b = _2_B'(qKAmi + gKpmip + gJmymy + Hym, +
HBmB - 2) + HBmB (28)

Magnetic fields Hy and Hg control the number of
copolymer chains, and coupling constants K, Kp, and
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J determine the bond densities of each type. When J
= 0, for example, there are no A—B bonds, and thus
only blends of two different homopolymers exist. When
magnetic fields are very small, we have only a few
chains; see eqs 12 and 13. Furthermore, if the values
of coupling constants are also small, there exist only a
few chains of small lengths. This phase, called the
unpolymerized or dilute phase, has zero bond densities
in the thermodynamic limit as the magnetic fields
become zero. However, as the values of the coupling
constants increase, there appear critical values, above
which at least one of the bond densities becomes nonzero
even if the magnetic fields are zero. These phases of
nonzero bond densities are called polymerized or dense
phases of homopolymers if / = 0 or copolymers if J is
nonzero.

The analysis of the solutions of these two coupled
equations (eq 25) reveals various phase diagrams. Here
three cases will be examined according to the values of
Hy, Hp, and J.

(a) Phase Diagram When Hx = Hg = J = 0. Let
us define ks = gKa, kg = ¢Kg, and j = gJ. Substituting
x = kama and y = kpmp into eq 25 yields

my(kam3 + kim3 + 2 — 2k,) =0
mg(kami + kam3 + 2 — 2kg) = 0

It is easily seen that there are four different sets of
solutions according to the values of k4 and kg as follows:

(i)my=mg=0 whenk, <landkg=<1

_ [2(kg — DI

(ii)my=0, mg= z when kg > &, and
B

By > 1

[2(k, — 1)V

(i) m, = A , mg=0 whenk, > kg and
A
ky>1
_ 12
(ivy my = mg =%—1—)]— when k2, =k =k and

E>1

The resulting phase diagram is shown in Figure 3a. As
seen in Figure 3a, there exist three different phases:
(i) unpolymerized phase (dilute phase), where my = mp
= 0, (ii) homopolymerized B phase (dense B phase),
where ms = 0 and mg > 0, and (iii) homopolymerized A
phase (dense A phase), where ms > 0 and mg = 0. Here
it should be noted that ¢s = kam3/2, ¢p = kgm3/2, and
¢ap = jmamp/2 (see eq 28). There is, of course, no
copolymerized phase when j = 0. When ks = kg = &
and 2 > 1, there occur first-order phase transitions
between two different homopolymer phases. One ex-
ample of these transitions is shown in Figure 4a, where
the bond density ¢4 jumps from zero to a finite value
as soon as ka becomes larger than ks. Note that this
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Figure 4. (a) First-order phase transition between two
homopolymerized phases along the trajectory (i) in Figure 3a.
(b) First-order phase transition disappears when magnetic
fields become nonzero.

discontinuity disappears, as seen in Figure 4b, when the
magnetic fields become nonzero. Otherwise, there exist
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Figure 5. (a) Continuous phase transition occurs between
unpolymerized and polymerized phases along the trajectory
(ii) shown in Figure 3a. (b) No phase transition occurs when
magnetic fields are nonzero.

continuous phase transitions between the unpolymer-
ized phase and the polymerized A or B phases, one
example of which is shown in Figure 5a. When the
magnetic fields become nonzero, the continuous phase
transition disappears as shown in Figure 5b.

(b) Phase Diagram When Hy, = Hg =0 and J = 0.
Let ma/ms = x/y = r. Solving eq 25 gives

Lir? + (kg — k) — 5 = 0

whose solution is given by
ky—k k, — kg\2]12
pfaT ke [1 + (A__-a) ]
J J

gince r =2 0. Substituting x = ry and eq 25 into y = jma/2
+ kpmp yields

Y+ 1% — Gr+ 2k — 2] =0
Therefore, we have two different sets of solutions:
{A)x=y=0

ir + 2(kg — 1)]2
(ii)x=ryandy = [’——]
Y 4 rP+1

It can be easily shown that ma = mg = 0 is the only
solution when jr + 2(kg — 1) < 0. Thus, we have the
following condition for the copolymerized phases (dense
phases):

By +kp 22— [+ (B, — kp)*1? (29)

Figure 3b shows the phase diagram when both magnetic
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Figure 6. (a) Continuous phase transition occurs between
unpolymerized and copolymerized phases along the trajectory
(i) in Figure 3b. (b) No phase transition occurs along the
trajectory (ii) in Figure 3b.

fields are zero and j is nonzero. It should be noted that
only the copolymerized phase exists when j = 2, since
the condition (29) is always satisfied. Figure 6 shows
a continuous phase transition between the unpolymer-
ized and copolymerized phases when Hx = Hg = 0 and
j=1

(c) Phase Diagram When One of the Magnetic
Fields and J Are Zero. Let us consider the case when
Hg =j = 0 and Hy > 0. Substituting x = kamas + Ha
and y = kpmsg into eq 25 and solving the resulting
equations gives two kinds of solutions as follows:

(i)ymy > 0 and mg = 0 when kg < k,

o _ Hy _ 2
(11) my = ﬁ and mg = Oor [2(kB - l)kA +
B A

4kp(1 — kpk, + (2kg — 2 — HORLYY
[kg(ky — k,)] when kg > k,

Further analysis of the expression inside the square root
of mp in solution (ii) shows that the critical line when
Hg =j = 0 is given by

kac=kg|1 A dk>1+Hi (30)
= —————| an b2 —_
AC B[ [2(kB _ 1)]1/2] B 2
and is shown in Figure 7. The continuous phase
transition between the unpolymerized B phase and the
polymerized B phase through this critical line is shown
in Figure 8. Due to the presence of the magnetic field
Hy, ma is always larger than zero even if k4 = 0. It is
also easily seen that there is no phase transition when
both magnetic fields are nonzero because the magneti-
zations ma and mp are always nonzero. The same
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Figure 7. Schematic phase diagram when j = 0 and one of
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Figure 8. (a) No phase transition occurs along the trajectory
(i) in Figure 7. (b) Continuous phase transition occurs between
unpolymerized B phase and polymerized B phase along the
trajectory (ii) in Figure 7.

situation occurs when one of the magnetic fields is zero
and j nonzero.

IV. Entropy of Copolymers in an Athermal
Solution

In the mean-field approximation the free energy per
site of the magnetic system in the n — 0 limit is obtained
as eq 26. The entropy per site S of copolymer chains in
an athermal solution can be calculated by using the
Legendre transformation:

S=w0—¢olnz_¢A1nKA_¢BanB_¢ABan_
$en In Hy — ¢35 In Hy (31)

The derivation of eq 31 is straightforward. From eq 10,
we note that

wy=Inz+ w,

where w, is the free energy per site of the polymer
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system. From eq 9, we observe that

w,=S+¢sInky+¢glnkg+¢plny +
¢eA In 77A+¢eB In ):]

Using eq 11 in this equation yields eq 31. After some
tedious algebra, the coupling constants and the mag-
netic fields can be expressed in terms of densities, and
the final expression for the entropy is given by

S =(¢s+ ¢p + dap) In(gle) + ¢, 1In 2 — ¢ In ¢ —
¢alnd, —¢plndg — dppln dug — e ln Gy —
bep In Gop = (Brua = Pen) IN(Prop — Pep) = (P —

bep) 106, 5 — bup) + 285 + Bap/2) In(dy + P/2) +
2(¢p + Pap/2) In(gpp + ¢4p/2) (32)

where

Proa =@a T %(d’eA + ¢ap), S = 0p t+ %(%B + ¢an);
$o=1— (s + ¢up)

Here ¢ma and ¢mp are the A-monomer density and the
B-monomer density, respectively, and ¢g is the solvent
density. When Ha = Hg = 0, ¢ea = ¢eg = 0. For nonzero
¢a and ¢p, we must have a copolymer chain of an infinite
molecular weight in the system. In this case, the
entropy is expressed as follows:

S.. = (¢ + ¢p + ¢4p) In(g/le) — ¢, Ingy—¢dyIng, —
¢pln gy — dapIlndpp + Oalng .\ + dplndp
(33)

By subtracting the contribution from the disorientation
of copolymer chains in the melt state (¢o = 0), the
entropy of mixing can also be obtained by

s gl atatute
a8 =8 "’"‘S(¢m’¢m’ PPN

=—¢yIn¢, — % In¢, (34)

where M = ¢n/¢, is the number-average molecular
weight of the copolymer chains and ¢, = ¢ma + B is
the total monomer density. This expression is the same
as the Flory expression for the entropy of mixing of
homopolymer solutions.?! From this it is evident that
the important factors determining the entropy of mixing
in athermal solutions are not the composition of the
copolymer chains but (i) the solvent volume fraction and
(ii) the average molecular weight of the polymer chains
at the level of Flory-like mean-field approximation.

V. Conclusion

It has been shown that a general model of athermal
random copolymers in an equilibrium state is related
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to an n — 0 spin vector model, with each spin having
2n components. Our correspondence is not only exact
but also more general compared to the result obtained
by Kennedy and Wheeler.!® The most important use of
the model lies in that it allows us to describe the general
aspects of equilibrium copolymerizations in the case
when all monomers have been incorporated into the
copolymer chains. Although not treated here, our model
can be easily extended to describe the equilibrium
systems where the monomers and the copolymer coexist.

The model has been solved in a mean-field ap-
proximation to study the phase diagram and to calculate
the entropy of copolymers in an athermal solution.
When j = 0 (homopolymers only), both the first-order
and continuous phase transitions can occur in the
absence of any external magnetic fields: The first-order
phase transitions can occur only between two different
homopolymerized phases, and only continuous phase
transitions occur between the unpolymerized and poly-
merized phases. When j is nonzero, the first-order
phase transitions cannot occur due to the presence of
A—B bonds. When 0 <j < 2, we have only continuous
transitions provided both magnetic fields are zero. In
other words, polymers must be infinitely large for
transitions to occur. The transitions disappear as soon
as one of the magnetic fields becomes nonzero. We have
also obtained the expression for the entropy of the
athermal copolymer solution by using the Legendre
transformation of the magnetic free energy in the n —
0 limit. As expected, the entropy of mixing does not
depend upon the average composition of copolymer
chains and is identical to the Flory expression for the
homopolymer solutions except that in our case M is the
number-average molecular weight.
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